The discovery of electronic charge-and spin-density-wave (CDW/SDW) orders in superconducting cuprates has altered our perspective on the nature of high-temperature superconductivity (SC) [1][2][3][4][5][6] . However, it has proven difficult to fully elucidate the relationship between these three distinct forms of order 1,6 . Here we studied the archetypal cuprate, La 2-x Sr x CuO 4 (LSCO), using an advanced resonant soft x-ray scattering approach which significantly improves the detecting sensitivity. We reveal identifiable CDW correlations in a broad range of doping that extends well beyond optimal doping on both the overdoped and underdoped sides in LSCO. On the underdoped side, we reveal a regime in which "stripe order", i.e. coexisting CDW and SDW order with long correlation lengths, arises below the SC T c . Our findings corroborate an intertwined relationship between the density-wave orders and SC. Moreover, we suggest a new perspective on the role of a putative pair-density-wave 7,8 that coexists with SC, SDW, and CDW orders.
phenomenological perspective, this can be accounted for in terms of a strongly repulsive biquadratic coupling in Landau-theory 13 . On the other hand, in the La-based cuprates, La 2-xy (Ba,Sr) x (Nd,Eu) y CuO 4 , the CDW and SDW orders tend to satisfy a mutual commensurability condition on the ordering vectors, q cdw = 2q sdw [ref. 3] , which implies the importance of a special tri-linear term in the Landau theory 13 . Moreover, there is generally a range of doping in which all three orders are observed to coexist 3 . In La 2-x Ba x CuO 4 (LBCO), La 1.8-x Eu 0.2 Sr x CuO 4 , and La 1.6-x Nd 0.4 Sr x CuO 4 the phase diagram is complicated by the existence of a low temperature tetragonal (LTT) phase that tends to stabilize the CDW and SDW orders, and depress SC 3 .
In this regard, we view LSCO, which does not undergo the LTT transition, as the ideal platform for the present study. As summarized in the schematic phase diagram in Fig. 4a , we find a T and x dependence of the CDW order that differs in significant ways from what has been previously conjectured. We reveal distinct behaviors in various ranges of doping: (i) For x < x cdw ~ 0.1 we observe no feature that can readily be identified with CDW order, although neutron scattering and NMR studies reveal the existence of stripe-like SDW order [14] [15] [16] .
(ii) For x cdw ≤ x ≤ x sdw ≈ 0.135 we observe CDW order with long correlation lengths that grow still longer at low T;
from previous studies, x sdw is identified as the upper boundary of the regime in which (quasi) static SDW order persists at low T (with an onset in the neighborhood of T c ) 14 ; we identify the growth of CDW correlations below T c with its mutual commensuration with the SDW order. (iii) For x sdw < x < x * ~ 0.18, where neutron scattering indicates the existence of a spin-gap at low T and NMR studies show no signatures of quasi-static magnetic order 14, 16 , we still observe clear evidence of well-developed short-range CDW correlations, but these are significantly depressed at temperatures below T c . (iv) Finally, for x ≥ x * , no clear evidence of CDW or static SDW order has been observed. Implications of these finding are discussed in the final section.
The CDW order in LSCO has been observed previously by using x-ray scattering within the limited doping range (0.11 ≤ x ≤ 0.13) [17] [18] [19] [20] . From a detailed analysis of the thermal evolution of the Seebeck coefficient, it was suggested that CDW order is confined to x smaller than a critical doping of x = 0.15 [ref. 21] . In this context, we firstly aimed to complete the CDW phase diagram in a wide doping range (0.07 ≤ x ≤ 0.18). For this purpose, we employed an advanced resonant soft x-ray scattering (RSXS) approach that significantly mitigates fluorescence background. Shown in Fig. 1a is a schematic of how the fluorescence rejection works during the RSXS measurement. A large area detector was used to measure both the signal of interest (e.g., optimized CDW area) and a background signal (e.g., away from CDW) simultaneously. By subtracting the background (Fig. 1a , right-panel), we achieve a significant improvement of the RSXS detecting sensitivity, allowing us to explore weak signals. Fig. 1b shows the scattering intensity maps along the h-/k-direction centered at q cdw ~ (-0.24, 0, l) r.l.u., which were measured at T c . Clear CDW peaks are observed in the range 0.1 < x < 0.18. Furthermore, we can clearly resolve a peak splitting along the k-direction up to x ~ 0.13, which is consistent with previous reports of CDW and SDW coexistence in x = 0.12 [refs. 19,22] . But, this splitting is unresolved if it exists for x ≥ 0.144. Importantly, this change in behavior coincides within our uncertainty with the upper boundary (x sdw ~ 0.135) of the SDW stripe order 14 . Note that even for 0.11 ≤ x ≤ 0. 13 [refs. 17-20] , there are subtle but important differences between our results and the earlier results as discussed in the Supplementary Information; these may be due to the improved signal to noise allowed by our new approach, or to small differences in the materials -for instance, small uncertainties concerning the precise value of x.
Next we discuss the temperature dependence of the CDW order. Figures. 2a and 2b show the projected CDW signals of the sample x = 0.144 along the h-direction and corresponding fitting results, respectively. At the highest temperatures, the CDW correlation length (ξ cdw ), inferred from the full width at half maximum (FWHM) of the CDW peak is approximately T independent and is reasonably short, although at ξ cdw ~ 7a it is still longer than the CDW-wavelength λ cdw ~ 4a. Note that we view ξ cdw ≥ λ cdw or equivalently FWHM ≤ q cdw /π, as a minimal condition for unambiguously identifying a diffraction peak as indicative of CDW order. Upon cooling, the CDW peak intensity increases, reaching a maximum around T c , and then decreases as SC emerges below T c . This is similar to what is observed in YBCO 4 ; we refer to this as CDW short-range order (SRO). This signature of CDW-SRO persists above recent estimates of the pseudogap temperature (T * ) 23 . We identify a characteristic temperature (T w ), where the peakwidth starts to decrease relative to its high-temperature-value, a trend that stops, and even possibly slightly reverses at a temperature of order T c . Note that the extracted T w values in the wide doping range match the reported CDW onset-T (See Supplementary Information). For a slightly less doped sample x = 0.13, while the high T behavior is quite similar, the evolution of the CDW correlations through T c is starkly different. Here, the CDW intensity continues to increase with decreasing T even below T c (Figs. 2c and 2d ) and the FWHM continues decreasing.
The differences in these behaviors cannot be attributed in any naïve way to enhanced disorder-induced pinning of the CDW at x = 0.13, given that disorder in LSCO is mainly induced by Sr substitution, so the x = 0.13 sample is expected, if anything, to have less pinning.
To better illustrate the doping dependent features of the data, a direct comparison of the behaviors at x = 0.13 and 0.144 is shown in Fig. 3a . CDW and SDW stripe order. On the other hand, the fact that CDW is absent at x = 0.1, even though static SDW 14 is observed, indicates that this CDW enhancement is not simply parasitic to the SDW order, but rather is due to a cooperative interaction between SDW and the preexisting CDW-SRO. Further evidence of the intertwining of these orders is the step-like increase in the low temperature CDW correlation length (ξ cdw ~ 50 Å ~ 3 λ cdw ) for x < x sdw ( Fig. 3b) , which we identify with stripe-like CDW order below T c .
We now discuss some implications of the new results. From previous NMR, µSR and neutron studies 14, 16, 24, 25 of the magnetic correlations when x < x sdw it is known that the SDW order onsets inhomogeneously at T < T c . The linkage between the CDW order and the growth of the SDW correlations for x cdw < x ≤ x sdw and T < T c thus likely implies that they are coincident in stripe ordered regions of the sample with the same local structure as in the prototypical stripeordered cuprate LBCO 26 . No such vivid inhomogeneities are seen at higher-T, or even at low-T for x > x sdw . Thus, it is likely that the CDW-SRO is uniform. This dichotomy is represented in the cartoon in Fig. 4b , where the low-T state is represented as consisting of a self-organized mixture of regions of uniform d-wave SC (with coexisting CDW-SRO) and regions with quasi-static stripe order. This is the sort of structure expected when two-phase coexistence is frustrated either by disorder or long-range interactions 27 . However, the fact that for x cdw < x ≤ x sdw SDW, CDW, and SC order all onset at roughly the same T, and that the SC T c remains sharp implies that the different orders are intimately related.
In particular, these findings suggest that substantial SC order permeates the stripe-ordered regions of LSCO. Given that where such stripe order occurs in LBCO, it has been proposed based on transport anomalies that the SC order primarily takes the form of the pair-density-wave (PDW) 7, 8 , it is natural to conjecture that the same is true of the stripe ordered regions in LSCO.
In this case, altering the balance between stripe (PDW) ordered and uniform SC regions would be expected to affect c-axis SC coherence much more dramatically than in-plane SC properties.
This is consistent with the observation that for x ~ 0.1, where even an applied magnetic field much smaller than H c2 strongly enhances stripe order 28 , it abruptly quenches c-axis coherence measured optically 29 . Finally, turning to high T and x, the observation that CDW-SRO persists above T * , without a change in the correlation length, extending beyond our detecting limit ( Fig.   4a ), opens the possibility that it might be directly correlated with other pseudogap phenomena. 
Methods

Sample preparation
The high-quality single crystals of La 2 For the RSXS measurements, we prepared all the samples with a typical dimension of 1.5 mm × 1.5 mm × 2.5 mm (a × b × c axis). To achieve a fresh c-axis normal surface, all samples were ex-situ cleaved, before transported into the ultra-high vacuum (UHV) chamber (base P = 8×10 -10 -1×10 -9 Torr). Note that we could not detect a CDW signal from samples with a cutand-polished surface.
RSXS measurement
All the experiments were carried out at beamline 13-3 of the Stanford Synchrotron Radiation Lightsouce (SSRL). The sample was mounted on an in-vacuum 4-circle diffractometer. The 
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LSCO crystals
The advanced RSXS measurement
Figure S2 schematically shows the scattering geometry for the RSXS measurements. To minimize the geometric effect (background-slope change as a function of θ-angle), the vertically wide 2D-CCD detector was fixed at 2θ ~ 154° which is the highest achievable 2θ position without blocking incoming x-rays. By rotating the sample (i.e., θ-scan), we obtained h-dependence. During the θ-scan, each CCD image covers the scattering intensities from the well-aligned (±h, 0, l) scattering plane near the detector center, as well as from off-centered-scattering plane (±h, ±k, l) at top/bottom area of the CCD. As described in the main text (Fig. 1a) , the scattering intensity near the center corresponds to the signal of interest (i.e., CDW in this case), while the signals at the off-centered areas are dominated by the fluorescence background. This simultaneously recorded background signal was used to subtract out the zeroth order fluorescence contribution near the CDW area. 
Temperature dependence of the CDW in LSCO samples
To support the discussion about Fig. 2 and Fig. 3 in the main text, first we additionally display temperature dependence of CDW orders for x = 0.115, 0.12, and 0.16 LSCO samples (see Fig. S3 ). As we described in the main text, both CDW intensity and its correlation length (inversely proportional to peak width) in x < x sdw ~ 0.135 are found to enhance, even when temperature is decreased below T c . In Fig. S3 , the T w , defined in the main text as the starting temperature of FWHM deviation upon cooling down, is marked.
Considering all RSXS results on the wide doping range of LSCO samples studied here, the lower CDW critical doping is inferred to lie between x = 0.1 and 0.115 (see Finally, to look more carefully at the CDW at high temperatures, we displayed 2D scattering patterns of x = 0.144 LSCO as an example (Fig. S5) . It clearly highlights that the CDW-SRO intensities persist above T * . In fact, a recent numerical study found evidence for stripe fluctuations at temperatures as high as ~ 1000 K 6 . As shown in the data at T = 141 K, the CDW signal is approaching the noise level of the instrument at high temperatures. Although the advanced RSXS approach employed in this study provides a much improved detection limit that makes it possible to detect CDW signals at high temperature (beyond T * ), it needs to be further improved to study the true behavior of the CDW-SRO at even higher temperatures. 
Discussion about prior x-ray results on LSCO
As we described in the main text, the CDW in LSCO has been observed using both hard (non-resonant) and soft (resonant) x-ray scattering within the limited doping range, 0.11 13, [refs. 7-10] . Most of reported works focused on the x = 0.12 doped-sample, because strong CDW signal is expected around x = 1/8 doping. Figure S6 (left-panel) shows the complied results on the previously reported temperature dependence of CDW order in LSCO for x = 0.12 [refs. [7] [8] [9] [10] , including data from our study. There are subtle but important differences between our results and the earlier results below T c -the CDW peak height decreases 7 , increases 9 , or levels off 8,10 upon cooling below T c . Interestingly, the temperature behaviors above SC T c are similar.
Moreover, the reported CDW correlation length below T c (estimated by the measured FHWM behaviors) in Refs. [7, 8] keeps increasing, which is consistent with our result.
Therefore, we believe that the difference in peak height measurement may be due to the improved signal to noise ratio allowed by our advanced RSXS approach (i.e. a proper background treatment -see The advanced RSXS measurement section), and/or small differences in the materials -for instance, small uncertainties concerning the precise value of x. In addition, we consider one more possibility to explain the difference below T c .
Considering that the CDW pattern (see Fig. 1b ) in x ≤ x sdw doping range undergoes a peak splitting along the k-direction, we should get the complete information of the CDW intensity through a h-k 2D map. If a point-detector is used for the h-scan of the CDW peak (i.e., at a single fixed k-position), such scan can miss some of the CDW intensity.
Finally, it is also worthy to note that this difference below T c is unlikely due to xray sources (i.e., hard or soft x-ray). For instance, here we present a comparison between hard x-ray CDW result 11 and our soft x-ray CDW result on YBCO ortho-VIII sample (see Fig. S6 , right-panel). The temperature dependence of the CDW peak height, in particular the suppression below T c , is the same in both hard and soft x-ray measurements.
Challenge of detecting sub-harmonic of CDW in RSXS
In this section, we discuss the challenge in detecting sub-harmonic of CDW at q cdw /2, which has been proposed to be an experimental signature of PDW 12 . For this purpose, we plotted the scattering intensity as a function of incident photon energy (E ph ) and q-vector (h) for x = 0.13 LSCO as an example (Fig. S7 ).
Since the CDW order is associated with Cu orbitals, there is a clear energy resonance around E ph ~ 933.3 eV which is close to the Cu L 3 absorption maximum.
Although we subtract the fluorescence background via our advanced RSXS approach, there is still a weak residual background around Cu L 3 -region. Note: In order to remove all background signal perfectly, we need to implement a high-resolution resonant inelastic x-ray scattering (RIXS); the current state-of-the-art RIXS setup 14 at ESRF can achieve a few tens of meV energy resolution. What's more, the background due to the specular reflection is particularly acute because it is mainly elastic signal. Therefore, even if a sub-harmonic peak exists at q cdw /2, it can be buried under the specular elastic line. In the same manner, this specular tail issue would be as challenging to overcome in RIXS-type measurement.
Considering the compelling experimental and theoretical evidence 12, 13 , SC and PDW states are expected to compete with each other. By applying a high magnetic field that sufficiently suppresses SC, either the advanced RSXS or RIXS measurements below T < T c would shed new light on the direct detection of this PDW signature in the future.
